The analogues of Whitehead's theorem in coarse shape theory, i.e., in the pointed coarse pro-category pro * -HPol 0 and in the pointed coarse shape category Sh * 0 , are proved. In other words, if a pointed coarse shape morphism of finite shape dimensional spaces induces isomorphisms (epimorphism, in the top dimension) of the corresponding coarse k-dimensional homotopy pro-groups, then it is a pointed coarse shape isomorphism.
Introduction
The classical Whitehead theorem (Theorem 1 of [27] ) is one of the few most important theorems in algebraic topology, especially homotopy theory. It is not (except in some special cases) a kind of a theorem that allows one to do something in an easier or more efficient way. Its significance is much deeper since it relates rather different mathematical branches: geometry (topology, especially homotopy theory) to algebra (group theory). Namely, it proves that the main goal of the homotopy theory, i.e., the homotopy type classification of locally nice spaces, via the homotopy equivalences, can be achieved by purely algebraic tools. However, the range of application of the Whitehead theorem is strictly limited to the class of all connected (pointed) spaces having the homotopy types of CW -complexes. Thus, when the notion of shape was introduced, i.e., when the homotopy theory was suitably generalized to the shape theory (for all topological spaces), the great importance of an appropriate generalization of the Whitehead theorem became obvious by itself.
The first step in the generalization of the Whitehead theorem to the shape theory was made by M. Moszyńska [22] , by proving an appropriate analogue for finitedimensional metric compacta. After that, she exhibited an analogous theorem for movable pointed spaces [23] . S. Mardešić proved the Whitehead theorem for topological spaces when a shape morphism is induced by a (continuous) map [15] , as well as a homological and cohomological version of the "Whitehead theorem" in shape theory [16] . A slightly better result was obtained by K. Morita [20] . The full result was first proved also by K. Morita [21] . Some cases with more general or special con-(X and Y are D-expansions). In other words, a coarse shape morphism of X to Y , denoted by F * : X → Y , is the equivalence class f * of an appropriate morphism f * : X → Y of pro * -D. A brief description of the coarse pro-category pro * -A", for an arbitrary category A, and the corresponding functor J : pro-A → pro * -A reads as follows. In the first step we construct the category inv * -A by an essential enlarging of the morphism class of inv-A. Given a pair of inverse systems in A, X = (X λ , p λλ ′ , Λ), Y = (Y µ , q µµ ′ , M ), a * -morphism (originally an S * -morphism [12] ) of inverse systems, (f, f n µ ) : X → Y , consists of a function f : M → Λ (the index function) and, for each µ ∈ M , of a sequence of A-morphisms f n µ : X f (µ) → Y µ , n ∈ N, satisfying a certain commutativity condition. The composition of the * -morphisms and the identities are defined in the most natural way. In the second step we define an appropriate equivalence relation (on each morphism set inv * -A(X, Y )), (f, f (relating the shape and the coarse shape category), which keeps the objects fixed. The most interesting (standard ) example of the coarse shape category Sh
Besides the standard (absolute) case Sh * , we shall also need the standard pointed case Sh * 0 (C = HTop 0 , D = HPol 0 or HAN R 0 ).
The induced pro
* -homotopy group functors Let C = HTop 0 , D = HPol 0 , and K = Set 0 (the category of pointed sets) or K = Grp (the category of groups). Then, by following Section 3 of [10] , the k-th homotopy group functor U ≡ π k : HPol 0 → Grp, k ∈ {0} ∪ N, (U ≡ π 0 : HPol 0 → Set 0 ), which assigns the k-th homotopy group π k (P, p 0 ) (pointed set π 0 (P, p 0 )) to every pointed polyhedron (P, p 0 ) and the homomorphism
called the induced k-th pro-homotopy group functor on the pointed shape category, as well as
called the induced k-th pro * -homotopy group functor on the pointed coarse shape category into the coarse pro-category of groups (pointed sets, for k = 0). The functor pro * -π k is an extensions of pro-π k , k ∈ {0} ∪ N, in the sense that (pro 3. m-equivalence of pro * -HTop 0
We first define a coarse pro-analogue of an n-equivalence as follows (compare [24, p. 404 ] and the introducing note above Theorem II.5.2.1 of [18] ).
is an isomorphism of pro * -Set 0 for k = 0, an isomorphism of pro * -Grp for each k = 1, . . . , m − 1, and an epimorphism of pro * -Grp for k = m.
The next theorem is a full " * -analogue" of Theorem II.5.3.1 of [18] .
be inverse systems of pointed connected polyhedra (in HPol 0 ) having the same cofinite index set Λ. Let a morphism f
* is an m-equivalence of pro * -HTop 0 if and only if, for every λ ∈ Λ, there exist a λ ′ λ and an n ∈ N such that, for every n ′ n, there are a pair of pointed connected CW -complexes (P 
Proof. Let us first prove the sufficiency. Let m ∈ N, and let
Suppose that, for every λ ∈ Λ, there exist a λ ′ λ and an n ∈ N such that, for every n ′ n, there are a pair of pointed connected
such that diagram (1) commutes in HTop 0 . We propose to prove that
is an m-equivalence of pro * -HTop 0 . First, we are to verify that the induced homomorphisms
are isomorphisms of pro * -Set 0 , for k = 0, and of pro * -Grp, for k = 1, . . . , m − 1. It is sufficient to show that, for every k = 0, . . . , m − 1, the level representative (1 Λ , f n λk ) ∈ f * k (of inv * -Set 0 ; inv * -Grp) fulfills the condition of Theorem 6.1 of [12] (a "pro * -analogue" of the well-known Morita lemma). Let λ ∈ Λ be an arbitrary index. By the theorem assumption, there exist a λ ′ λ and an n ∈ N such that, for every n ′ n, diagram (1) commutes. Now, by operating the functor π k on that diagram, it yields the corresponding commutative diagram in pro * -Grp for 1 k m − 1 (in pro * -Set 0 for k = 0), which consists of the induced homomorphisms
and of the induced isomorphism
Let us define, for every n ′ n, a homomorphism
is an epimorphism of pro * -Grp. It is sufficient to show that the level representative (1 Λ , f n λm ) ∈ f * m fulfills condition (E-Grp) of (4.5) of [9] . Let λ ∈ Λ be an arbitrary index. By assumption, there exist a λ ′ λ and an n ∈ N such that, for every n ′ n, diagram (1) commutes. Now, by operating the functor π m on that diagram, it yields the corresponding commutative diagram in pro * -Grp which consists of the induced homomorphisms p
Since
Since f [9] , which implies that f * m is an epimorphism and, consequently, that
In order to prove the necessity part of Theorem 3.2 we first want to define some auxiliary objects and to establish several technical lemmata as follows. 
) be a map of pointed pairs of CW -comlexes such that X 0 is connected and the induced homomorphism π i (p i ) :
factors through an m-connected pointed pair of CW -complexes (Q, P, p 0 ) with Q and P connected.
Proof. A polyhedral analogue of the above lemma is equivalent to Lemma II.4.2.3 of [18] . Further, by following the proof of that lemma, it is easy to verify that it remains valid if we replace a pointed polyhedral pair with a pointed pair of CW-complexes throughout.
Let us recall that, for a given map f : (X, x 0 ) → (Y, y 0 ) of T op 0 , the reduced mapping cylinder of f is the space (Z f , z 0 ) obtained by attaching
is an embedding which is called the canonical embedding onto upper (lower ) base of (Z f , z 0 ). Further, the pointed homotopy class [j] is an isomorphism of HTop 0 , and it holds that
Let us recall that the wedge of a given family of pointed spaces (X α , x α ) α∈A is the pointed space
obtained by identifying all the base points x α in the disjoint union of spaces X α , α ∈ A, endowed with the weak topology. We denote the natural embedding of the pointed space (X α , x α ) into the wedge by
For a given family
of maps, there exists the unique map
of the wedges such that pι α = ι ′α p α , for every α ∈ A.
Let (Z f , z 0 ) be the reduced mapping cylinder of a map f :
and let i :
be the canonical embedding onto lower base of (Z f , z 0 ) . Then, for every α ∈ A, the composite map
is an embedding, which is called the canonical embedding of (X α , x α ) into lower base of (Z f , z 0 ). Consequently, (X α , x α ) can be regarded as the subspace of (Z f , z 0 ).
, be a sequence of cellular mappings of pointed CW -complexes, where Y is connected, and let (Z f , z 0 ) be the reduced mapping cylinder of the map
, n ∈ N, are the canonical embeddings onto upper and into lower base of (Z f , z 0 ) , respectively, then
Proof. Since n∈N (X n , x n ) is a pointed CW -complex (Corollary 2.5.9 of [14] ) and since f :
is a cellular mapping, it follows, by Corollaries 2.5.12 and 2.5.9 of [14] , that (Z f , z 0 ) is a pointed CW -complex which admits a CWdecomposition having (X n , x n ) as its subcomplex, for every n ∈ N. Since Y is (pointed) homotopy equivalent (isomorphic in HTop 0 ) to Z f , it follows that Z f is connected. Finally, by (4), one obtains that
Proof of Theorem 3.2 (necessity). Let m ∈ N, and let f
. Since the index set Λ is cofinite, we may apply Lemma 1 of [8] to obtain, for every λ ∈ Λ, an integer n λ ∈ N such that, for every λ ′ λ and every n n λ , it holds that
in HPol 0 . Moreover, one can achieve that
for every λ ′ λ. For every λ ∈ Λ, let
denote the wedge of the family (sequence) of pointed polyhedra (X
Let p
Notice that (X n λ , x n λ ) and (Y λ , y λ ) , for all λ ∈ Λ and n ∈ N, are pointed CWcomplexes with obvious CW -decompositions. For every λ ∈ Λ and every n ∈ N, let us choose a cellular map f [14] ). Let (Z λ , z λ ) denote the reduced mapping cylinder of the map
for every λ ∈ Λ. For every λ and every n, let
be the canonical embedding into lower (onto upper) base of (Z λ , z λ ), and let
denote the canonical embedding onto lower base of (Z λ , z λ ). Proof. Since, for every λ ∈ Λ, f n λ is a cellular map, the restriction
is a cellular map as well, for every n ∈ N. 
such that the following diagram strictly commutes (in T op 0 ).
Therefore, the map s λλ ′ can be considered as a map
, n n λ ′ , the map of pointed pairs of CW -complexes such that
Proof. Notice that
By (5) , (6) , (7) , (8) , and (10), one obtains
, for all λ λ ′ and n ∈ N.
Consequently, the following diagram homotopically commutes (in HTop 0 ).
Then, the claim follows by Lemma II.5.1.3 of [18] .
Proof. By Lemma II.5.1.3 of [18] and diagram (9) , it follows that
is the canonical embedding onto upper base of (Z λ , z λ ), [j λ ] is an isomorphism of HTop 0 (a pointed homotopy equivalence), for every λ ∈ Λ. Consequently, for all λ λ ′ λ ′′ , it holds that
is a level * -morphism, where, for every λ and every n, the map ι n λ : (X λ , x λ ) → (Z λ , z λ ) is defined by the following rule:
for n < n λ .
Proof. By (9) and (10), for every related pair λ λ ′ and every n n λ ′ , one infers that
, which means that, for every n n λ ′ , the following diagram commutes in HTop 0 (moreover, strictly, i.e., in T op 0 ).
It follows that
, for every pair λ λ ′ and every n n λ ′ .
is an isomorphism of pro * -HTop 0 , where j n λ = j λ , for every λ and all n.
Proof. By (9) (the lower rectangle of the diagram), we infer that
is an isomorphism of HTop 0 , it follows, by Corollary 6.3. of [12] , that j * is an isomorphism.
Proof. By Claim 3.5 one infers that
in pro * -Grp (pro * -Set 0 , for k = 0) holds. Since j * is an isomorphism and f * is an m-equivalence of pro * -HPol 0 , one infers that ι * k = π * k (ι * ) is an isomorphism of pro * -Grp (pro * -Set 0 ), for k = 1, . . . , m − 1 (k = 0), and an epimorphism of pro * -Grp, for k = m. Thus, ι * is an m-equivalence of pro * -HPol 0 . 
There exist functions ϕ k : Λ → Λ and ε k : Λ → N such that, for every λ ∈ Λ and every n ε k (λ), there exists a homomorphism
is an epimorphism, and since, for every
is an isomorphism, there exist, according to condition (E-Grp) of 4.5 of [9] and Theorem 6.1 of [12] , the functions ϕ k and ε k and homomorphisms h n λk such that (13) and (14) hold. Claim 3.12. For every related pair λ λ ′ , for every n n λ ′ and for every k ∈ N, the following diagram has exact columns and commutes in Grp (Set 0 ).
where κ
is the boundary homomorphism (pointed function).
Proof. By (11) and (7), for every λ ∈ Λ and every n n λ , the map
is an inclusion. Therefore, it induces a long exact sequence of homotopy groups, i.e., for every k ∈ N, every λ ∈ Λ, and every n n λ , the exact sequence in Grp (Set 0 ):
Since, by Claim 3.6, we may consider s λλ ′ ,
, n n λ ′ , as the map of pointed pairs of CW -complexes that induces the mapping of exact sequences (16) . Therefore, for every n n λ ′ ((6) also implies that n n λ ) and every k ∈ N, the diagram (15) commutes in Grp (Set 0 ). Claim 3.13. Given a λ ∈ Λ, there exists a finite sequence of indices λ k ∈ Λ, k = 0, . . . , m, such that
and there exists a finite sequence of integers
is the trivial homomorphism, for every n n (k) and every k = 1, . . . , m.
Proof. Put λ m = λ. We use Claim 3.11 to define (14) and (15), for every n n (m) , the following diagram, having exact columns, commutes. (18)). Since the 3rd column of diagram (18) (18) implies that
Therefore, there exists an
(the 2nd row and the 2nd column of (18)) such that κ
Since n ε m (λ m ), it follows, by (13) , that
Then, by the exactness of the 1st column of (18) , it follows that
The commutativity of diagram (18) implies that
Finally, by (19) , it follows that 
is the trivial homomorphism. In order to prove (17) , it is sufficient to prove the existence of an index λ l−1 , λ l−1 λ l and an integer n (l) such that
is trivial, for every n n (l) . Let us choose λ
, and let
Then, by (14) and (15), for every n n (l) , the following diagram, having exact columns, is commutative.
Now, since diagram (20) commutes, it follows that
This, along with (21), implies that s
Therefore, we may conclude that s n λ l λ l−1 ,l = 0. This completes the proof of the claim.
Proof of necessity (continuation)
. . , n (m) be as in Claim 3.13. Then, for every n
is trivial, k = 1, . . . , m. Consequently, by Lemma 3.3, the map
Then the following diagram homotopically commutes (moreover, strictly, in T op 0 ).
Since n ′ n λ ′ ( n λ ) , one infers, by (7) and Claim 3.6, that the following diagram homotopically commutes (moreover, strictly, in T op 0 ).
By using the previous diagram, equality (11) and the lower rectangle of diagram (13), one concludes that the following diagram commutes up to homotopy (in HTop 0 ).
Finally, let us put [q
Then, by (22) , it follows that diagram (1) commutes up to homotopy (in HTop 0 ), which, finally, completes the proof of necessity part of Theorem 3.2 as well. 
is a pair of maps of pointed connected polyhedra such that dim R m − 1 and [f
In order to prove the above theorem, we need the following lemma, which is an immediate consequence of Corollary 7.6.23 and Theorem 7.6.22 of [24] . (ii) If l, l ′ : (R, r) → (P, p) are pointed maps, where R is a connected CW -complex
Proof of Theorem 3.14. Assume that an f * : (X, x 0 ) → (Y , y 0 ) is an m-equivalence of pro * -HPol 0 . Let λ ∈ Λ. Let a λ ′ λ and an n ∈ N be chosen as in Theorem 3.2. Then, by the same theorem, for every n ′ n, there exist a pair of pointed connected (1) homotopically commutes (in HTop 0 ). Let s : (R, r) → (Y λ ′ , y λ ′ ) be a map of pointed connected polyhedra with dim R m. According to Lemma 3.15 (23) commutes, which completes the proof of (i). To prove (ii), suppose that k, k ′ : (R, r) → (X λ ′ , x λ ′ ) are maps of pointed connected polyhedra, with dim R m − 1, such that
in HPol 0 . Let us put
Namely, by (24) , it holds that
which, by diagram (1), implies that
in HTop 0 , and (26) follows. By considering (26) and applying Lemma 3.15 (ii), we get
Then, by (25) and (27) , it follows that
Now, by diagram (1), one infers that
in HPol 0 , which completes the proof of (ii) .
The coarse shape analogue of the Whitehead theorem
Theorem 4.1. Let m ∈ N, and let (X,
be inverse systems of pointed connected polyhedra (in HPol 0 ) such that, for every λ ∈ Λ, dim X λ m − 1, and, for every
is an m-equivalence of pro * -HPol 0 if and only if f * is an isomorphism.
Proof. Clearly, we only need to prove the necessity part. Let f * : (X, x 0 ) → (Y , y 0 ) be an m-equivalence of pro * -HPol 0 . According to Theorem 3.27. of [12] , there exist inverse systems
* -HPol 0 admitting a level representative, and isomorphisms i
Therefore, f * is an m-equivalence (isomorphism) of pro * -HPol 0 if and only if f ′ * is an m-equivalence (isomorphism) of pro * -HPol 0 . Hence, it is sufficient to prove that f ′ * is an isomorphism. By following the proof of Theorem 3.27 of [12] , one readily sees that the inverse systems X ′ and Y ′ consist of the same objects (terms and bonding morphisms) as inverse systems X and Y , and, especially, that dim X applying Theorem 3.14 (ii), it follows that
Finally, by (6) , (7) , and (4), one obtains
, which proves (2). Hereby, we have proven that the level * -morphism (1 N , [f ′n ν ]) fulfills the condition of Theorem 6.1 of [12] . Consequently, by the same theorem, it follows that f ′ * is an isomorphism.
Definition 4.2. Let m ∈ N, and let F * : (X, x 0 ) → (Y, y 0 ) be a pointed coarse shape morphism (of Sh * 0 ). Then F * is said to be a coarse (shape) m-equivalence if the induced morphism
is an isomorphism of pro * -Set 0 for k = 0, an isomorphism of pro * -Grp for k = 1, . . . , m − 1, and an epimorphism of pro * -Grp for k = m. Recall that a space X has the shape dimension sd X n if it admits an HPolexpansion p = ([p λ ]) : X → X = (X λ , [p λλ ′ ], Λ) such that, for every λ ∈ Λ, the (covering) dimension dim X λ n. Finally, we can state a full coarse shape analogue of the Whitehead theorem as follows. Further, a weak coarse shape equivalence is a coarse shape morphism F * : (X, x 0 ) → (Y, y 0 ) of Sh * 0 which is a coarse (shape) m-equivalence for all m, i.e., it induces isomorphisms pro * -π k (F * ) for all k. However, as in the shape case, the ∞-dimensional Whitehead-type theorems fail in pro * -HPol 0 and Sh * 0 . Namely, Adams' example, which yields a counterexample (see Example II.5.2.1 of [18] ), works in the coarse shape theory as well. 
